Abstract In this paper we present a threshold proportional reinsurance strategy and we analyze the effect on some solvency measures: ruin probability and time of ruin. This dynamic reinsurance strategy assumes a retention level that is not constant and depends on the level of the surplus. In a model with inter-occurrence times generalized Erlang(n)-distributed we obtain the integro-differential equation for the Gerber-Shiu function. Then, we present the solution for inter-occurrence times exponentially distributed and claim amount phase-type(N). Some examples for exponential and phase-type(2) claim amount are presented. Finally, we show some comparisons between threshold reinsurance and proportional reinsurance.
.
The reinsurance strategy considered may be static or dynamic. In the first case, it is assumed that the level and type of reinsurance remain constant throughout the period considered, which in many cases is infinite (Waters 1983; Centeno 1986 Centeno , 2005 Dickson and Waters 1996) . In the dynamic case, we can find papers which consider that for a fixed type of reinsurance the level of reinsurance can change continuously (Hojgaard and Taksar 1998; Schmidli 2001 Schmidli , 2002 Hipp and Vogt 2003; Taksar and Markussen 2003) . In these papers, optimal stochastic control tools in continuous time are used. Dickson and Waters (2006) assume that the insurer can change the type and/or level of reinsurance at the start of each year, so they studied a discrete time stochastic control problem.
In this paper we consider a Sparre Andersen model, and introduce a dynamic reinsurance strategy. We assume that the insurer considers a proportional reinsurance arrangement, where the retention level is not constant and depends on the level of the surplus. We then define a threshold proportional strategy: A retention level k 1 is applied whenever the reserves are less than a specific threshold b, and a retention level k 2 is applied in the other case. Since, for the insurer, reinsurance is a tool for controlling the solvency of the portfolio, it seems natural that the retention level could depend on the surplus level at some point or instant. The threshold proportional reinsurance strategy that we propose in this paper is an easy and clear way to include this dependence.
The objective of this paper is to analyze the effect of this new strategy on solvency measures of the insurer using the Gerber-Shiu function, which allows us to obtain ruin probability and some characteristics of time of ruin.
The introduction of this reinsurance policy bears certain similarities to the threshold dividend strategy, introduced initially by Lin and Pavlova (2006) . This dividend strategy proposes that dividends should not be paid as long as the reserves remain below a certain level b, and that when the reserves surpass this level a constant intensity d of the premium received, c, should be paid out in the form of dividends. So, the introduction of the pay-out means that two premium intensities are applied: c 1 , the premium for levels of reserves below b, and c 2 = (c − d) for levels of reserves above b, such that c 1 ≥ c 2 .
With the introduction of the threshold reinsurance policy, the claim amount paid by the insurer is modified depending on the level of the reserves, i.e., if the claim occurs when the level of the reserves is greater than b, the insurer pays a percentage k 2 of the claim amount, and if it occurs when the reserves are below b, a percentage k 1 of the claim amount is paid. This is an important difference with Lin and Pavlova's model. Also in our model, the fact of applying different percentages of cession of the risk to the reinsurer causes different intensities of premiums for the insurer. The model does not demand a relation of order between the percentages and so there is no need that c 1 ≥ c 2 holds.
The paper is organized as follows: In Sect. 2 we explain the assumptions and some preliminaries. In Sect. 3, we obtain the integro-differential equation for the Gerber-Shiu function in a model with a threshold reinsurance strategy and with inter-occurrence times generalized Erlang(n)-distributed. In the rest of the paper we concentrate on the Poisson model, so we consider that inter-occurrence times are exponentially distributed. In Sect. 4 we assume that the individual claim amount follows a phase-type(N). Finally, in Sect. 5 some comparisons between threshold reinsurance and proportional reinsurance are presented.
Assumptions and preliminaries
In the Sparre Andersen model, the surplus process, R(t), at a given time t ∈ [0, ∞) is defined as R (t) = u + ct − S (t), with u = R (0) ≥ 0 being the insurer's initial surplus, S (t) the aggregate claims and c the rate at which the premiums are received.
{S (t)} is modelled as a compound process where
> t}, the number of claims occurring until time t, is an ordinary renewal process, and the inter-occurrence times between claims,
, are modeled as a sequence of i.i.d. random variables, where T 1 denotes the time until the first claim and T i , for i > 1, denotes the time between the (i − 1)th and ith claim. Note that in a Poisson process with parameter λ , T i , i ≥ 1 has an exponential distribution with mean 1/λ . The claims {X i , i ≥ 1} are i.i.d. random variables with density function f (x), and common expectation
Premiums are assumed to be payable continuously at rate c per unit time where c = (1 + ρ)E[X]/E[T i ] with ρ > 0 the relative security loading (net profit condition).
In this paper, we will assume that the random variables T i , i ≥ 1 are generalized Erlang(n)-distributed, i.e. each T i is a sum of n independent exponential random variables with possibly different parameters λ 1 , ..., λ n .
The time of ruin is defined as T = inf {t : R (t) < 0}, with T = ∞ if R (t) ≥ 0 for all t ≥ 0. The ruin probability is defined as
where I (A) = 1 if A occurs and I (A) = 0 otherwise.
Let us first consider the effect of proportional reinsurance. The ceding company (insurer) and the reinsurer agree on a cession percentage, say (1 − k), k being the retention level applied to each claim.
We assume that insurance and reinsurance premiums include positive loading factors, ρ R > 0 being the reinsurer's loading factor.
The premium income retained by the insurer, c ′ , depends on ρ R and k, where
A new security loading for the insurer, ρ N , can be defined. Knowing that c
If ρ = ρ R , the premium paid by the policyholder c is shared between insurer and reinsurer in the same proportion k, so c ′ = kc and ρ N = ρ. It is normally assumed that ρ R > ρ because if ρ > ρ R the insurer would simply cede his entire portfolio to the reinsurers, a situation which would be nonsensical.
Let R − (T ) be the surplus just before ruin, and R + (T ) the surplus at ruin if ruin occurs. Gerber and Shiu (1998, 2005) define the function
where δ ≥ 0 is the discounted factor, and w(x, y), x ≥ 0, y > 0, is the penalty function, so that φ (u) is the expected discounted penalty payable at ruin. This function is known to satisfy a defective renewal equation (Gerber and Shiu 1998; Lin and Garrido 2004; Willmot 2007) but easy explicit formulae for φ (u) are only available for certain special cases for the claim size distribution Willmot 1999, 2000; Landriault and Willmot 2008) . Let w(x, y) = 1; we then obtain the expression for the defective Laplace transform (LT) of the time of ruin φ (u) = E e −δ T I (T < ∞) |R (0) = u , and if in addition δ = 0, then φ (u) = P [T < ∞|R (0) = u] = ψ (u), i.e. the ruin probability.
In this paper, we consider a threshold proportional reinsurance strategy defined by a threshold b ≥ 0. A retention level k 1 is applied whenever the reserves are less than b, and a retention level k 2 is applied otherwise. Then, the premium incomes retained are c 1 and c 2 , respectively. We consider that the retention levels give new positive security loadings for the insurer, i.e. the net profit condition is always fulfilled. From (2), we can define
Graphically, In this section, we will give the integro-differential equations and boundary conditions satisfied by the Gerber-Shiu discounted penalty function. Let d ·/du denote the differentiation operator with respect to u. Moreover, define ∏
In a model with a threshold reinsurance strategy and with inter-occurrence times generalized Erlang(n)-distributed, the discounted penalty function φ (u) behaves differently, depending on whether its initial surplus u is below or above the level b. Hence, for notational convenience, we write
The following theorem provides integro-differential equations for the function φ (u). (4) is, for 0 < u < b,
and for u > b
with boundary conditions,
,
Proof The proof, which follows Albrecher et al. (2005) , is included in Appendix A.
⊓ ⊔
If the inter-occurrence time follows an exponential distribution with parameter λ , we obtain the following integro-differential equations and boundary conditions, for 0 < u < b
and
Expressions (8) and (9) can be obtained by replacing the claim size random variable in Theorem 3.1. in Lin and Pavlova (2006) with xk 1 for 0 < u < b and with xk 2 for u > b.
In order to obtain the time of ruin and ruin probability, in the following sections let w(x, y) = 1 in (8), (9), and (10)
4 Ruin probability and time of ruin with individual claim amount Phase-type(N)
In this section we obtain the differential equations for the ruin probability and for the time of ruin if ruin occurs, assuming that the individual claim amount is distributed as a phasetype(N). Consider that f (x) is the density function of a phase-type(N) distribution satisfying
with Hipp 2006) . From (11) and (12), differentiating N times with respect to u, the ordinal differential equations of order N + 1 are obtained
Theorem 2 The ordinary differential equations for the Gerber-Shiu discounted penalty function defined in (3) in a model with a threshold reinsurance strategy with inter-occurrence time following an exponential distribution with parameter λ and individual claim amounts phase-type(N) with density satisfying (14), taking into account (4) are,
where
Proof The proof is included in Appendix B.
⊓ ⊔
As a particular case, from (15), it is possible to obtain the equations if the individual claim amount is a unitary exponential, knowing that it is a phase-type(1) distribution with parameter b 1 = 1,
and if the individual claim amount is distributed as a phase-type(2),
with i = 1 for 0 < u < b and i = 2 for u > b. In this subsection we consider the case when the individual claim amount is distributed as an exponential with unitary mean, f (x) = e −x . From (16), it is easy to obtain the characteristic equations,
with r 1 < 0, r 2 ≥ 0, s 1 < 0 and s 2 ≥ 0 the real roots of the characteristic equations. The roots r 2 and s 2 are equal to zero if δ = 0 (the ruin probability case), and positive if δ > 0 (the defective LT of the time of ruin). Then the defective LT of the time of ruin
From the condition lim u→∞ φ (u) = 0, we know that D 2 = 0, from the continuity condition and substituting (19) in (13) and rearranging terms, we obtain two additional conditions, ∑
) = 1, which allow us to obtain the coefficients C i , i = 1, 2 and D 1 .
So,
where a i, j = (k i r j + 1), i, j = 1, 2.
To obtain the ruin probability,
From (19) and (20), it is easy to obtain the moments of the time of ruin. For example, the expected time of ruin if ruin occurs is given by
and for u ≥ b,
We can observe that for u ≥ b the expression obtained for E [T | T < ∞] is a first degree polynomial on u, similar to the model without reinsurance (see Gerber 1979) .
The variance is
being
From equations (21) to (27) we can obtain the expressions in a model with proportional reinsurance (for k 1 = k 2 = k) and in a model without reinsurance (for k 1 = k 2 = 1).
Then, if we let k 1 = k 2 = k, the following expressions are obtained
And for k 1 = k 2 = 1,
expressions that can also be found in Dickson (2005) , p.188.
Example 1 Let ρ = 0.15, ρ R = 0.25, λ = 1, δ = 0.03 and b = 8, the limits for the retention levels necessary to meet the "net profit" condition being 0.4 < k 1 ≤ 1 and 0.4 < k 2 ≤ 1. The values chosen are k 1 = 0.8, k 2 = 0.45, with k 1 > k 2 since, as we will see later, if we consider the probability of ruin as a criterion of decision, in the optimal combinations of k 1 and k 2 , the retention level when the reserves are below the threshold is always higher than the retention level when the reserves are above the threshold.
The defective LT of the time of ruin is,
and the expression for the probability of ruin, Table 1 shows the results obtained for the probability of ruin, the defective LT of the time of ruin and the expectation, the variance and the variation coefficient of the moment of ruin, for different values of u, 
with r i , s i , i = 1, 2, 3 the real and distinct roots of the characteristic equations. Then
In order to obtain these coefficients, six equations are needed. The first one is obtained from the condition lim u−→∞ φ (u) = 0. The second can be obtained considering that φ (u) must be continuous, φ 1 (u)| u=b − = φ 2 (b). The other four are obtained substituting (30) in (13) and rearranging terms. To obtain the ruin probability, we have to consider δ = 0, so
Example 2 We analyze the particular case Erlang(2, β ), i.e. f (x) = β 2 xe −β x . The Erlang(2, β ) distribution is a phase-type(2) distribution with b 1 = 2/β and b 2 = 1/β 2 (Dickson and Drekic 2004) . Then, the characteristic equations are
It is easy to demonstrate that two of the roots are negative (r i , s i < 0, i = 1, 2) and that r 3 , s 3 > 0 if δ > 0 or r 3 , s 3 = 0 if δ = 0. The system of equations that we need to find the coefficients is
To obtain the ruin probability, the six equations to obtain the coefficients are (31), with δ = r 3 = s 3 = 0.
Notation: As we mentioned above, the expressions in the model with a proportional reinsurance can be obtained as a particular case of the threshold reinsurance. So, when the claim size distribution is Erlang(2, β ), from the example, if we let k 1 = k 2 = k the defective LT of the time of ruin is
(r 1 − r 2 ) β 2 e r 2 u , u ≥ 0, r 1 and r 2 being the negative roots of the equation
And the ruin probability is
Let k 1 = k 2 = 1; then, the defective LT of the time of ruin in a model without reinsurance is obtained,
r 1 and r 2 being the negative roots of the equation
And the ruin probability,
Example 3 We perform a numerical application with the same values used in the case of the unitary exponential amount: ρ = 0.15, ρ R = 0.25, λ = 1, k 1 = 0.8, k 2 = 0.45, δ = 0.03, β = 2 and b = 8.
The mean claim amount for the distribution Erlang(2, 2) is 1, as in the numerical application of the exponential. We analyze this case, to see whether the change in the distribution of the claim amount has any significant effect on the behaviour of the magnitudes, even if the mean claim is not altered.
The defective LT of the time of ruin is
φ 2 (u) = −2.85 × 10 18 e −6.6392u + 1.6969e −0.4507u , u ≥ 8.
ψ 2 (u) = 2.38 × 10 18 e −6.6464u + 0.7182e −0.0803u , u ≥ 8. Table 2 shows the results obtained for the probability of ruin, the defective LT of the time of ruin, the expectation, the variance and the variation coefficient of the moment of ruin for different values of u, Comparing the results obtained in Table 2 with those in Table 1 , the change in the distribution of the amount of the claims does not significantly alter the results of the magnitudes analyzed. Considering a distribution Erlang(2, 2) the probabilities of ruin, expectation and the variance of the moment of ruin are lower than in the case of the amount Exp(1). Nonetheless, the behaviour with respect to the initial level of the reserves of different magnitudes is the same for the two distributions, i.e. when u increases, the ruin probability and the variation coefficient decrease, and the expectation and variance of the moment of ruin increase.
Comparison of reinsurance strategies
In this last section we present a series of numerical and comparative analyzes of the new threshold proportional reinsurance strategy.
In Subsect. 5.1 we obtain the optimal threshold reinsurance strategy from the point of view of the probability of ruin if the individual claim amount is distributed as an exponential with unitary mean and an Erlang(2, β ). In Subsect. 5.2, after obtaining the value of the percentage of retention that minimizes the probability of ruin in a model with proportional reinsurance, we compare the two reinsurance strategies, including the results for the exponential claim amounts and Erlang(2, β ), reaching the conclusion that the most interesting strategy for the insurer is the threshold strategy.
The fact that the threshold reinsurance strategy obtains lower probabilities of ruin means that this strategy emerges as a tool for the insurer to manage the initial investment that the portfolio requires.
The values of the parameters used in this section are λ = 1, ρ = 0.15, ρ R = 0.25 and β = 2.
Optimal strategy with threshold proportional reinsurance
The objective of this subsection is to find the optimal strategy for minimizing the probability of ruin. The insurer can decide on the decision variables. In the first option, the insurer sets the level of threshold b, and seeks the best combination of the retention percentages, (k 1 , k 2 ), which allows him to minimize this probability. In the second option, the decision variables are the threshold level and the percentages of retention, the optimal strategy being (b, k 1 , k 2 ); this allows us to obtain the minimal probability of ruin, which we will term ψ
If we analyze the case X ∼ Exp(1), first we set the threshold value b, obtaining the optimal combination (k 1 , k 2 ) that the insurer should apply to minimize the probability of ruin. Table 3 shows the results calculated with the function NMinimize of the software Mathematica for three different threshold levels, We now consider the optimal strategy (b, k 1 , k 2 ) for obtaining ψ Table 4 presents the results obtained, and the expectation, the variance and the variation coefficient for different values of u, Therefore, the optimal strategy for the insurer is to choose a low threshold level (in this example approximately b = 3.27), not to reinsure (k 1 = 1) when the reserves are below this level and to reinsure with a retention level of approximately 76% when the reserves are above the threshold. The result obtained is consistent with the ones presented in Schmidli (2001 Schmidli ( , 2006 .
Assuming that the individual claim amount follows an Erlang(2, 2), in Table 5 we present the optimal strategy (b, k 1 , k 2 ) for obtaining ψ k 1 =k 2 min (u). With X ∼Erlang(2, 2), the optimal strategy for the insurer in order to minimize the probability of ruin is (b, k 1 , k 2 ) ≈ (1.987, 1, 0.76).
Comparison of proportional reinsurance strategies
The aim of this subsection is to compare the threshold reinsurance strategy with the proportional reinsurance strategy from the point of view of the probability of ruin.
If X ∼ Exp (1), we first show the values of the retention level, k, that make it possible to minimize the probability of ruin, and then compare the results with the optimal probabilities obtained in the above section with threshold reinsurance.
In a model with proportional reinsurance, Waters (1983) and Schmidli (2006) found the value of the retention percentage k that maximizes the coefficient of fit as a way of minimizing the Lundberg bound for the probability of ruin. Therefore it is a value that does not depend on u, with
Remembering that the probability of ruin in a model with proportional reinsurance is (Dickson 2005, p. 203) , Dickson and Waters (1996) obtain numerically the values of k that minimize ψ(u) for different values of u. However, it is easy to obtain the analytical formula for the retention level , k op (u) , that minimizes (33),
where A = (ρ R − ρ) and B = (1 + ρ R ).
The minimum values for the probability of ruin calculated with k op (u) and k = 0.7577, (obtained from (32)), are shown in Table 6 , which shows the results for expectation, variance and the variation coefficient of the moment of ruin with k op (u), Table 6 Minimum probabilities of ruin with proportional reinsurance with k op (u) Observe that the probabilities of ruin obtained are lower with k op (u) than with k = 0.7577. At higher levels of u, the probabilities of ruin tend towards the same value; clearly the exact value obtained with the minimization of expression (33) tends towards the upper bound of the probability of ruin.
If we assume that the amount is Erlang(2, 2); the optimal policy with proportional reinsurance is shown in Table 7 . After considering the optimal strategy with proportional reinsurance, we compare the results obtained with the optimal strategy in threshold reinsurance. To do so, we calculate Tables 6 and 7 . Fig. 2 shows d(u) for X ∼ Exp(1) and X ∼Erlang(2, 2), Observe that for example for X ∼ Exp(1), the difference between the minimum probabilities of ruin with proportional reinsurance and threshold reinsurance respectively with b = 3.27 increases for small values of u, reaching a maximum and then decreasing as the initial value of the reserves increases. Therefore, the threshold reinsurance strategy always produces better results in terms of probability of ruin than the proportional reinsurance strategy for any initial level of the reserves. The behaviour if X ∼Erlang(2, 2) is similar.
With threshold proportional reinsurance, the insurer can reduce his probability of ruin for some predetermined level of initial capital relative to the options of applying proportional reinsurance. This optimality of threshold proportional reinsurance also implies that, if the manager wants to obtain this minimal probability of ruin but with proportional reinsurance more initial capital will be needed. The relative increase in the initial reserves to achieve this optimal probability of ruin can be considered as the cost of the options of proportional reinsurance against threshold proportional reinsurance.
Assuming X ∼ Exp(1), Table 8 shows, for different values of the initial level of the reserves, the minimal probability of ruin. As we have seen above, it is obtained with the threshold reinsurance strategy. We calculate the initial level of reserves needed to obtain this probability in a model with proportional reinsurance and the relative cost for the insurer of choosing proportional reinsurance rather than threshold reinsurance, Observe, for example, that for u = 4, if the manager chooses threshold proportional reinsurance he achieves a probability of ruin of 0.498. If he chooses proportional reinsurance, always with 0.8375 as the retention percentage, to achieve this probability of ruin he will need 4.091% more initial capital.
Appendix

A Proof of Theorem 1
Let us decompose every inter-occurrence time with generalized Erlang(n)-distribution into the independent sum of n exponential random variables with parameters λ 1 ,...,λ n , each causing a "sub-claim" of size 0. At the time of the nth sub-claim an actual claim with distribution function F occurs. This can be achieved by considering n states of the risk process. Starting at time 0 in state 1, every sub-claim causes a transition to the next state and the time of occurrence of the nth sub-claim, an actual claim with distribution F occurs and the risk process jumps into state 1 again.
This will allow us to use Markovian arguments due to the lack-of-memory property of the exponential distribution.
Let φ j) i (u) denote the Gerber-Shiu function (4) if the risk process is in state j ( j = 1, ..., n).
Indeed, conditioning on the occurrence of a sub-claim, we obtain for 0
being i = 1 for 0 ≤ u < b and i = 2 for u ≥ b.
From (35) we obtain, by Taylor expansion and collecting all terms of order dt, for j = 1,..., n − 1,
and following a similar process for j = n, 
and substituting (40) in (37) and in (38) yields (5) and (6).
By the continuity argument φ j)
2 (b). Therefore, for j = 1, ..., n − 1, from (36)
and for j = n, from (37) 
From (41) and (42), and using (39) and (40), (7) is obtained.
B Proof of Theorem 2
From (14), it is easy to obtain
For 0 < u < b, we need some previous results,
Definition 1 IN h is the h-th integral,
being h = 0, ..., N and f (0) (x) = f (x).
Lemma 1 The derivative of IN h with respect to u is
Substituting (56) and (57) in (51), Substituting (46) in (58) and rearranging terms, For u > b, we can obtain φ (N+1) 2 (u) by an analogous process substituting c 1 , k 1 and φ 1 (u) by c 2 , k 2 and φ 2 (u).
